Abstract. The deBruijn graph B,, is the state diagram for an n-stage binary shift register. It has 2" vertices and 2*+ ] edges. In this paper, it is shown that BH can be built by appropriately "wiring together" (i.e., connecting together with extra edges) many isomorphic copies of a fixed graph, which is called a buildi?zg block for B.. The efficiency of strch a building block is refined as the fraction of the edges of B,, which are present in the copies of the building block. It is then shown, among other things, that for any a < 1, there exists a graph G which is a building block for B. of efficiency > a for all sufficiently large Tt. These results are illustrated by describing how a special hierarchical family of building blocks has been used to construct a very large Viterbi decoder (whose floorplan is the graph B13) which will be used on NASA'S Galileo mission.
Introduction
The nth order deBruzjn graph B,, is the state diagram for an n-stage binary shift register.
It is a directed graph with 2" vertices, each labeled with an n-bit binary string, and 2" + 1 edges, each labeled with an (n + 1)-bit binary string.
The vertex labels represent the contents of the shift register at a given point of time.
The label on an edge connecting one vertex to another represents the contents of the shift register preceeded by the bit that is being input to the shift register, as it changes from one state to the next. In Figure  1 , we see a representation of B~. DeBruijn graphs (and the closely related shuffle-exchange graphs) have received considerable attention within the parallel architecture community (e.g., [8] , [9] , and [12] ). In recent theoretical works, they have been studied as
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bounded-degree approximations to the hypercube (e.g., [1] and [4] ), a topology for highly parallel computation of importance comparable to the butterfly and the cube-connected cycles. The motivation for the present paper, however, is our interest in building large Viterbi decoders for use in deep-space communication.
The deBruijn graph B. gives the topology for a fully parallel Viterbi decoder for any rate 1/v convolutional code with constraint length n + 2 ([6, Chapter 7] ). In such a decoder, a "butterfly" (a pair of add-compare-select units) must be located at each vertex of the graph, and all communication between butterflies takes place along the edges of the graph. For n s 7, such decoders have been built on one VLSI chip using layouts like those described in [5] to design a single VLSI chip with the property that many identical copies of this chip could be wired together to form the BVD. The deBruijn graph is a rather inhomogeneous structure, however, which makes the design of such chips nontrivial, though not, as we shall see, impossible. In fact, the chips and boards being used in the BVD are derived from a general family of what we call universal deBruzjn building blocks. In this paper, we describe the theory of these building blocks in detail, concluding (at the end of Section 6) with a detailed description of the actual layout of the BVD. The organization of the paper is as follows:
In Section 2, we present some routine but necessary notation about binary strings, and introduce the important concept of a cover for the set {O, 1}" of all binary strings of length n. Such a cover is a set of strings S such that every string in {O, I}n has at least one substring in S. Furthermore, these chips and boards are universal, in the sense that any deBruijn graph B,l with n >5 can be built from copies of these same chips, and any B.
with n > 9 can be built from copies of these same boards. (See [2] and [11] for further details about the BVD.)
Preliminaries About Strings
In this section, we introduce some notation and establish a few elementary facts about binary strings, which will be needed throughout the rest of the paper.
DEFINITIONS.
A binary string is a sequence of bits, that is, 0s and 1s.
The length of a binary string x, denoted by 1x1, is the number of bits in x. The empty string~is the string with no bits. Thus, I e I = O. The set of all strings of length n is denoted by {O, 1}". If x and y are two strings, the concatenation of x and y, denoted by xy or x * y, is the string obtained Similarly, we say that S prejixes T if every string in T has a prefix in S. We say that a set of strings S is irreducible if no string in S is a substring of any other.
Finally, we define the cost of a set of strings S as cost(S) = Z,~~2 Every string of length n or greater will have a prefix of length n. This prefix will be covered by S, and hence so will x. Now let x be a string of length > n, and let x = Asp be its unique S-factorization, as described in Theorem 1. By definition of the S-factorization, ( As)L is not covered by S.
However, if IAsl > n, then 1(As)L I > n, which would imply that ( As)L is covered by S, a contradiction. u
deBnujn Graphs and Subgraphs
The deBruijn graph BE, which is the state diagram for an n-stage shift register, can be described as follows. There are 2" vertices, each labeled with an n-bit binary string x. There is a directed edge from the vertex with label x to exactly two other vertices, namely those with labels OxL and 1 x'. The edge from x to OxL is labeled Ox and the edge from x to lx L is labeled 1x. Similarly, there are exactly two edges directed into x, from XR O and XR 1, which are labeled XO and xl. This definition is summarized in Figure 2 (a). For example, in Figure 1 , from the vertex 101 there are edges leading to O(lO1)L = 010 and to l(IO1)L = 110. Equivalently, we can define B. by saying that it has 2" + I edges, each labeled with an (n + I)-bit binary string, and that the edge labeled X connects the vertices with n-bit labels XR and X'. This alternative definition is summarized in Figure 2 (b). For example, in Figure 1 , the edge labeled 1011 is a directed edge from (lO1l)R = 011 to (lO1l)L = 101.
We next need to define the notion of a subgraph of a deBruijn graph. In this definition, and later, the symbols E(G) and V(G) stand for the number of 
DEFINITION.
If H and G are graphs, H is called a G-subgraph, written H c G, if H has the same vertex set as G, and an edge set that is a subset of the edge set of G. The density of a G-subgraph H, denoted by den(H: G), is defined as den(ll:
EXAMPLES.
A B~-subgraph of density O consists of 2" isolated vertices, and a B.-subgraph of density 1 is B. itself. Figure 3 shows a B~-subgraph of density 6/16, consisting of the eight vertices of Bs and the SiX edges labeled {0010, 0011,0100,0101,0101, 0111}. If H is a building block for G, then
The G-subgraph H has the same number of vertices as G and is the disioint union of several disioint copies of H. Since G has V(G) vertices, and fi has V(H) vertices, this me&s that~is the follows that H is a building block for B1 of efficiency 12/32 = 37.5%. In fact, the graph in Figure  3 is a building block of efficiency 3/8 for arry B~with N >3, as we see in Example 4.3. The building block of Figure 3 is an example of what we call a universal deBruzjn building block.
3.5.
DEFINITION.
A unir,ersal deBruijn building block of order n is a B.-subgraph that is a building block for any deBruijn graph B~with N z n.
The following theorem shows that it is easy to compute the efficiency of any universal deBruijn building block.
THEOREM 4.
Let H be a universal deBruijn building block of order n. Then for all N > n, ejf(H: BN ) = den(H: B.). We call this common value the efficiency of H as a deBruijn building block.
1For clarity, in Figure 4 , all edge labels and the arrows on the external "wires" have been omitted. These can easily be supplied using the rule of Figure 2 (b), however. For example, in Figure 4 there is an edge from 1011 to 0111. Using the rule of Figure 2 (b), we find that the label of this edge should be 10111, and it should be directed from 101 llR = 0111 to 101llL = 1011. By Theorem 3, the efficiency of H as a building block for 13N is
In the next section, we describe a general construction for universal deBruijn building blocks (Theorem 6), and in Section 5 (Theorem 11), we see that there exist universal deBruijn building blocks whose efficiency approaches 1 as n approaches infinity.
A General Construction for Uniuersal deBmijn Subgraphs
In this section, we present our main theorem (Theorem 6), which gives a general construction for universal deBruijn building blocks. The key to this construction is a way of constructing a B. subgraph from a set of strings of length < n. : B.) = 1 -cost(S).
PROOF.
The 2" + 1 edges of B. are labeled with the 2" + 1 distinct (n + 1)-bit strings. For each s 6 S, there are exactly 2'+ 1-1$1(n + 1)-bit strings with s as a prefix. Since no (n + I)-bit string can have two prefixes in S (no string in S is a prefix of any other since S is irreducible), the subgraph B.(S) will have exactly
The main theorem in this paper is the following:
If S is irreducible and covers {O, l}n, then B.(S) is a universal deBmtjn building block of order n with efficiency 1 -cost(S).
We postpone the proof of Theorem 6 until we have given several examples, and stated and proved a stronger but more technical result (Theorem 7).
EXAMPLE.
The set S = {O, 1}, is irreducible, has cost 1, and covers {O, 1}" for any n >1. The corresponding subgraph B.(S) is a B.-subgraph of density zero, and is plainly a building block of efficiency zero for any deBruijn graph with N > n.
The set S = {1, 000} is irreducible, has cost 5/8, and covers {O, 1}3. In this case, B,(S) is identical to the B3-subgraph in Figure 5 , we see that the edge with label 00IAO connects OOIAOR = OIAO to OOIAOL = OOIA, and this is an edge in the deBruijn graph BIAI+ q, for any string A. is the label on an edge of B,,(S), and so X = AsA p' appears as the label corresponding to that edge in the graph B,Z(S, A). I?or example, let S = {1, 000}, n = 3, and N = 8, and consider the 9-bit string X = 001011100, which has no S-prefix. The S-factorization of X is X = 00*1*011100. The first 5 bits of 011100 are 01110, and so X appears as the label on the edge 001 in the graph 
PROOF OF (3). Let X be an edge label in the graph B.(S, A

B3(S, 01110
Construction of Low-Cost
Covers for {O, 1}".
In Theorem 6, we showed how to construct universal deBruijn building blocks from covering sets for {O, 1}" of small cost, but we were able to cite only a few examples.
In this section, we give several general constructions for low-cost covers for {O, 1} 'Z, thereby automatically producing (via Theorem 6) efficient universal deBruijn building blocks.
To produce a cover for {0, 1}', we begin with an arbitrary irreducible set S of strings of length s n, which we call a precot'er for {O, 1}". In general, S will fail to cover a certain subset of {O, 1}", which we call Omit~(S). We denote the number of strings in Omit.(S) by omit.(S). Plainly, if we adjoin Omit,,(S) to S, the resulting set, which we denote by C,,(S), will still be irreducible, will cover {O, 1}', and its cost will be cost(S) + 2-" omit.(S). We summarize this simple but useful construction in the following theorem. If we combine Theorems 6 and 8, we find that if S is an irreducible set of strings of length < n, then B~(C~(S)) is a universal deBruijn building block of order n and efficiency 1 -cost(S) -2 "z omit ,,(,S). For simplicity, we denote B,,(C~(S)) by~~(S), and display this fact as a theorem. THEOREM 
9.
If S is an irreducible set of strings of length < n, then the graph~( S) is a uniLemal deBru@t building block of order n and ejjiciency
-cost(S) -2-"omit,,(S).
The following theorem is a partial generalization of Examples 5.1 and 5.2. There exist unilersal deBru@ building blocks whose eficienq is arbitmrily close to 1. shows that in fact c. = O(log n/n).
Recently, however, one of the referees has shown that, in fact, c. = 0( l/rz). The proof of this will appear in a forthcoming paper.
Although Lemma 10 shows that C~(S,~) is an infinite family of reasonably cheap covers for {O, 1}", it does not produce the cheapest possible covers for all values of n. Indeed, Table I gives the cheapest covers of {O, 1}", for 1 < n < 10, that we know, and therefore also the most efficient universal deBruijn building blocks we know, for orders up to 10. In every case, we give only the "precover" S, it being understood that the actual cover is the larger set CH(S). We notice that for n s 7, the "10.. " O" construction of Lemma 10 gives the best cover we know of, while for 8< n s 10 (and presumably for all larger values of n, too) the best cover is considerably more complicated. Table I .
(Using {10} as a precover for n = 8 results in a cover of cost 73/256.)
Hierarchical Building Blocks
We have seen that the universal deBruijn building blocks described in Theorem 6 can be used to build deBruijn graphs of any size. Surprisingly, however, they can also be used as building blocks for larger universal deBruijn building blocks! This is useful in practice, when many chips must be put on several boards, and the boards are then wired together to make the deBruijn graph.
The main theorem here is the following:
Suppose k < n. If S is irreducible and couers {O, l}L, and T is irreducible and couers {O, 1}", and if S prefiies T, then B~( S ) is a building block for
O. COLLINS ET AL.
-cost(s) ejf(B~(S) :B~(T)) =~_~o~t(T) .
PROOF. .
-
If S is any set of strings, and if k < n, then CL(S) prejixes C.(S). ally, is there a set S, which fails to cover exactly Z2 =" (~) strings in {O, 1}"?
We can show that if these sets exist, they are unique up to isomorphism. We call them zero entropy sets, since for almost every set S of strings, the number of strings not covered by S in {O, 1}" grows exponentially, not algebraically, with n. Question 5.
In Section 6 of our paper, we discussed "hierarchical building blocks" for deBruijn graphs. We showed that certain universal deBruijn building blocks could be used to build larger (and more efficient) universal deBruijn building blocks. This fact was used in the construction of the Big Viterbi Decoder, where sixteen 32-vertex universal deBruijn building blocks of the kind shown in Figure  7 were Suppose that a. >0 for n >0 and that the power series f(z) = Z,,~~a.z" conuerges to the rational fimction P(z)/Q(z) in some neighborhood of the origin. Define a by a-~= nzin{x > 0: Q(x) = O}. Then, for any p>a, a,, =0( p").
By a standard result in complex variables [13, Sect. 7 .1], the radius of convergence R of an arbitrary power series f(z) = X,,~~a. z" is given by the formula (Al) R-l = limsupla.ll'". n+~F Now with~> a fixed, choose q >0 so that a +~<~. Then, by (A3), a,, < (a +~)" < P'z for n z nO, and so lim,l +~an/p" = Q that is, a,, = 0( p"). u NOTE: Under the same hypotheses, and with a little more work, it is possible to show that in fact, a. = 0( n 'n la n), where m is the multiplicity of a -1 as a zero of Q(z). However, since this stronger result isn't needed in the paper, we omit its proof. (But see [10, 
